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We study the parameter dependence of the internal structure of resonance states by formulating Complex two- 
dimensional (2D) Matrix Model, where the two dimensions represent two-levels of resonances. We calculate a 
critical value of the parameter at which "nature transition" with character exchange occurs between two reso- 
nance states, from the viewpoint of geometry on complex-parameter space. Such critical value is useful to know 
the internal structure of resonance states with variation of the parameter in the system. We apply the model to 
analyze the internal structure of hadrons with variation of the color number N c from oo to a realistic value 3. By 
regarding 1/N C as the variable parameter in our model, we calculate a critical color number of nature transition 
between hadronic states in terms of quark-antiquark pair and mesonic molecule as exotics from the geometry on 
complex- N c plane. For the large- N c effective theory, we employ the chiral Lagrangian induced by holographic 
QCD with D4/D8/D8 multi-D brane system in the type IIA superstring theory. 



cl 

(N 

>: 

VO, 
(N 

q; 

ov 
o: 



X 



PACS numbers: 14.40.-n, 13.75.Lb, 11.15.Pg 



How do characters of states change with variation of a pa- 
rameter which specifies the property of the system or of the en- 
vironment where the system is placed? This is a central issue 
discussed in various phenomena of physics, e.g., deformed 
nuclei depending on the deformation parameter of nuclear 
mean-field potential (2], electronic wave function configura- 
tions of diatomic molecules depending on the internuclear dis- 
tance J2l, and conversion of solar neutrinos depending on the 
distance from the center of the sun ^ . In quantum mechanics, 
one may start with a hermite model Hamiltonian fi{X) with a 
real parameter A. Here one can assume that the eigenstates of 
ft at A = 0, fa (i = 1, 2, ■ ■ •)> can be an appropriate basis 
to classify the properties of the eigenstates for finite A, ipi(X) 
(i = 1, 2, ■ • • ), in terms of the characters of fa. Now, if the en- 
ergy expectation values £j(A) = (fa\Tf(X)\fa) (i = 1, 2, • • •) 
cross with each other at a certain value A = A t £ R, the 
energy eigenvalues Ei{X) of tpi(X) have level repulsion, i.e., 
anticrossing at X t (see Fig.[TJa)) due to the Neumann- Wigner 
non-crossing rule @]. At this point, the overlap between 
fa(X) and fa is exceeded by that between ipi(X) and <pj as 
|(</>i |^i)| 2 < \{<j>j IV'i)! 2 ' Therefore, due to orthogonality, 
tpi(X) and ipj(X) exchange their characters in terms of the ap- 
propriate basis fa and fa at the anticrossing point A = A ( , 
which we call "nature transition" in this paper. In fact, the 
critical value At is very important to know or classify the in- 
ternal structure of the quantum states which can change with 
variation of certain parameter A. 

In this paper, we consider the parameter dependence of 
states in quantum systems with dissipation into decay chan- 
nels outside of the model space. Such systems are often called 
open quantum systems with resonance states, which are ef- 
fectively described by non-hermite model Hamiltonians H(X) 
with complex energy eigenvalues J^. The real and imaginary 
parts of the energy correspond to the mass and decay width 
of the resonance states, respectively. In such open quantum 
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FIG. 1: (Color) (a) Anticrossing between ith and jth eigenstates of 
hermite Hamiltonian H( A) with variation of A £ R. Indices of lines 
are explained in the text, ith and jth eigenstates exchange their char- 
acters at anticrossing point A = A t as nature transition, (b) £;(A) and 
£j(A) of non-hermite Hamiltonican 'H(A) with variation of A G R 
on complex energy plane. £j(A) and £j(A) generally have no degen- 
eracy at certain value of A £ R except for accidental case. 



systems, £j(A) of fa can move on the complex energy plane 
(see Fig. QIt>)) without having degeneracy at a certain value 
of A except for an accidental case Jg]. Therefore, a simple 
criterion should be newly found to judge the existence of the 
nature transition between the resonances, and its critical value 
A* can be used to know or classify the internal structure of the 
resonance states depending on the parameter. In this paper, 
we construct Complex two-dimensional (2D) Matrix Model 
to discuss the nature transition between two resonance states. 
(Two dimensions represent two levels of resonances.) This 
2D model will give an elementary understanding for higher 
dimensional problems because the latter can often be reduced 
locally to the 2D problems. We show that, by extending A 
to a complex variable, the geometry on the complex-A plane 
can give the criterion of the nature transition within the real 
parameter subspace A £ R. 

After establishing the general framework, we apply it to 
the hadron physics with strong interaction, which is governed 
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by quantum chromo dynamics (QCD) as the SU(-ZV C ) gauge 
theory with color number N c = 3 0]. By extending N c 
to an arbitrary number, l/A^-expansion provides a system- 
atic perturbative treatment. The leading order as "large-A^ 
QCD" reproduces lots of QCD phenomenologies |^,@]. In 
fact, in large-iV c QCD, the internal structure of mesons be- 
comes clear: mesons as quark-antiquark (qq) pairs appear 
with masses of 0(N®) and zero widths, while "mesonic 
molecules" can also appear as resonances with masses and 
widths increasing along with N c because the meson-meson 
interactions are suppressed with 0(N~ 1 ) ifioll . From such 
considerations in large-iV c , one may say that exotics can be 
suppressed in the real world @]. However the internal struc- 
tures of hadrons should depend on N c , and, by decreasing 
N c from oo to the realistic value 3, the states can easily ex- 
change their characters via nature transitions. Here, an es- 
sential question arises: what is the internal structure of each 
state with variation of N c from oo to 3? By regarding qq and 
mesonic molecule states in large-7V c as the appropriate basis 
4>i (i = 1, 2), and by identifying 1/N C to A in the Complex 
2D Matrix Model, we will calculate a critical color number of 
nature transitions in terms of appropriate basis from the ge- 
ometry on the complex- N c plane. As an example, we inves- 
tigate the internal structure of ai(1260) meson with admixed 
nature of qq and 7rp-molecule components. For the large-A 1 ^ 
effective theory, we employ the chiral Lagrangian induced by 
holographic QCD with D4/D8/D8 multi-D brane system in 
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First we formulate Complex 2D Matrix Model to treat a 
two-level problem in a quantum system with resonances. We 
describe resonance states by using the bi-orthogonal represen- 
tation as \<fii)(i = 1, 2): its bra-state is defined by the complex 
conjugate of the Dirac bra-state (<fii\ = (<fi*\, which is firstly 
introduced to describe the unstable nuclei in nuclear physics 
H3-I5]. Only by taking such bi-orthogonal representation, 
resonance states with different eigenvalues are orthogonal to 
each other as (4>i\4>j) = $ij> which is needed to employ the 
matrix representation of operators in such basis. As antici- 
pated, we suppose that \<f>i), the eigenstates of H(0) at A = 0, 
are the appropriate basis with clear characters and are useful 
to classify the quantum states. Hence we consider the Hamil- 
ton matrix H( A) = [(^^(A)!^)] in this basis: 



H(X) 



£i(A) V 12 (X) 

V 21 {\) £ 2 (A) 



(1) 



where £j(€ C) is the energy of | </!>,;) and Vij(G C) are the in- 
teraction satisfying 14,(0) = 0. A(e R) is a parameter, con- 
trolling the development of the two eigenstates \ipi(X)) which 
can be obtained in terms of the basis \<f>i) as 

\^i{\)) = C a {\)\<h) + C a [\)\<h)- (i = l,2) (2) 

The coefficients CV, (A) carry the information for the internal 
structure of the eigenstates \i[>i(X)) in terms of \<f>i). There is 
a subtlety for the interpretation of component weights from 
Cij(X), since the norms (ipi\ipi) = Cf t + Cf 2 can be com- 
plex numbers due to the bi-orthogonality. Several attempts 



have been made to interpret such complex probability of reso- 
nances (for example, see Ref. JUl), while a consensus has not 
been achieved yet. In this work we simply presume the mod- 
ule, |Cij(A)| 2 , to be interpreted as the component weights, as 
it is suitable for narrow resonances. At A = 0, ^(A)) co- 
incides with \<j)i) due to Vij(0) = 0, so that Cy-(0) = for 
i + 3- 

Now, if H(X) is hermite with real eigenvalues, the level 
crossing of \(f>i) is known to give the level anti crossing of 
|^i(A)) as shown in Fig.[TJa) [4]. At this anticrossing point 
A = At, \il>i(X)) exchange their characters as "nature transi- 
tion" with the transition condition |Cu(At)| 2 = (A*)| 2 , 
where the two basis components \<fii) and \<fi 2 ) are equally 
mixed as a character exchanging point. In this paper, we 
newly consider the case that H(X) is non-hermite with com- 
plex eigenvalues for resonance states. As we will show below, 
|Cii| 2 = \Ci2\ 2 can be satisfied at least by the energy coinci- 
dence Ei = E 2 , which can be realized if one extends A to a 
complex variable fl7ll . Therefore, to get a geometrical insight 
for the existence of nature transition, here we introduce the 
complex-X plane. 

By solving the Schrodinger equation: H\ip) = E\i/j), we 
find the eigenvalues Ei(X) (i = 1, 2) as 

Ei(X) = {£!(A)+£ 2 (A)}/2±F(A), (3) 

F(X) ^ \J A(X) 2 +F(A) 2 , (4) 
A(X) = {£ 1 (A)-£ 2 (A)}/2, (5) 
F(A) 2 = V 12 (X)V 2 i(X), (6) 

and the coefficient ratios Ri(X) of the eigenstates \ipi(X)) (i = 
1,2) inEq. © as 



Ri(X) = 



C l2 {X) 1 
Cii(A) V l2 {X) 



{A{X)tF{X)}. 



(7) 



The upper (lower) sign in Eqs. (O and ((7) corresponds to i = 1 
(? = 2). The ratios (O are sufficient to discuss the nature 
transition between two levels as below. 

Now we consider the transition condition | C^i (A) | 2 = 
|Ci2 (A) 1 2 on the complex- A plane. Due to the bi-orthogonality 
(ipi 1^2) = 0, i.e., R\R 2 = —1, the transition condition can 
be written only by the ratios (0 as |i?i(A)| = |i?2(A)|, which 
is equivalent from Eq. (O to 



Re[A(A)*F(A)] = 0. 



(8) 



Due to the square root in (|4), Eq. (HJ becomes equivalent to 
the two conditions: 

Re[A(X)*V(X)] = 0, (9) 
|^(A)| 4 -{Im[^(A)*F(A)]} 2 <0. (10) 



FromEq. ©, \lm[A(X)*V(X) 
condition (TTOb becomes 



|A(A)||y(A)|, so that the 
\A(X)\ 2 < |F(A)| 2 , (11) 
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FIG. 2: (Color) (a) Schematic figure of geometrical map with tran- 
sition lines and exceptional points on complex A plane. Line 1 and 
shaded area with boundary of line 2 correspond to the conditions 
$9^ and dl lb . respectively. Points (n) denote the exceptional points 
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(») 



Transition lines are shown by the solid curves, which satisfy 



both © and {Q). (b) Linear-A model with ei(0) = 1000 - 200i, 
e 2 (0) = 1200, v n = 0, v 22 = -100-200i, v 12 = v 2 i = 200+50i 
in MeV unit as test values. 



which has been divided by |v4(A)| 2 since A's for A(X) = 
trivially satisfy the conditions (0 and ( fTTT i. Now the "tran- 
sition line" is defined as the region satisfying |C;i(A)| 2 = 
|Ci2 (A) | 2 , i.e., both conditions (0 and ( fTTT ) on the complex- 
A plane. Therefore, the line (0, named "line 1", can be the 
candidate of the transition line, and the region ( fTTT i with the 
boundary |A(A)| 2 = |F(A)| 2 , named "line 2", selects the 
proper area for the transition line. The region (fTTT i always 
excludes the origin A = for the case £i(0) 7^ £2(0), be- 
cause \A(0)\ > and |F(0)| = 0. Then, if the transition 
line crosses the real-A axis, the nature transition occurs at the 
crossing point A = Af 6 R (see schematic Fig.[2ta)). 



Now, from (0 and ( fTTT i. the crossing points A 



A 
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C (n = 1,2, ■ • •) of line 1 and line 2 satisfy the condition 
A(X)*F(X) = for V A(A) ^ 0, which is equivalent to 



F(A) 2 = A(A) 2 + V(Xf 



Therefore, at A = A^, the mass difference in Eq. (0 be- 
comes zero and two eigenvalues coincide as E\ (A) = £2 (A). 

310 called the "exceptional points" on the complex-A 
plane lfl7ll . In fact, the importance of the exceptional points 
has been intensively studied both theoretically [18j] and exper- 
imentally IU9I1 in quantum chaos, where the dense exceptional 
points on the complex-A plane correspond to the development 
of quantum chaos in the energy-level statistics II 1811 . Now, in 
this paper, we can show that line 1 and line 2 cross each other 
at all exceptional points, so that these points can be the end 
points of the transition lines. Therefore, the location of the 
exceptional points is very important to geometrically judge 
the existence of X t £ R. 

One simple example is the "linear- A model" with £j(A) = 
£i(0) + Xvu and Vy(A) = Xvij = 1,2 and i ^ j). 
Two exceptional points and one transition line appear (see 
Fig- 0b)), which are checked from the power counting about 
A in (1121) . In this model, Eq. (0 can be equally written with 



0. 



(12) 



Ae = £i(0) — £2(0), Av = vu — v 22, and v 2 = Ui2i>2i as 

|A-A| = |A|, (X = -(Ae)v*{2Re[(Av)v*}}~ 1 ) (13) 
so that line 1 is a circle crossing at A = 0, A^x an d ^ex' anc ^ 



the transition line has an arc shape. Ref. 111811 shows that, in the 
linear-A model, the eigenvalue behaviors for A S R depend on 
the location of the two exceptional points; if the two locate on 
the opposite sides striding over the real-A axis, level anticross- 
ing/width crossing occurs, while, if not, level crossing/width 
anticrossing occurs. Therefore, in Fig. |2jb), we can newly 
show that the nature transition occurs only in the level anti- 
crossing/width crossing case. In this way, as for the linear-A 
model with two exceptional points, we can relate the behav- 
iors of poles on the complex-energy plane and their internal 
structures through the geometry on the complex-A plane. The 
linear-A model also suggests that, if vu = V22 = 0, the radius 
of the circle of line 1 in Eq. ( fT3l diverges: |A| — > 00, so that 
there is no nature transition for finite A. There only occurs the 
mixing of the basis components up to 50% at most. Therefore 
the A-dependence in the diagonal components of the matrix 
form (fTJ is needed to have the nature transition between reso- 
nance states. 

So far, we have formulated the model described by the 
Hamiltonian (fl3 with arbitrary complex functions: £j(A) 
and Vij(X), to treat the general two-level problems on the 
complex-energy plane. We have shown that the geometrical 
map on the complex-A plane provides the geometrical insight 
for the existence of nature transition within the real parameter 
subspace A e R. 

Let us now apply the Complex 2D Matrix Model to the 
hadron physics. We take, as an example, the ai(1260) me- 
son which has admixed nature of qq and 7rp-molecule com- 
ponents. First, we prepare the appropriate basis for the qq 
and the 7T/9-molecule states in large-iV c . For the large-A^ ef- 
fective theory, we make use of the chiral Lagrangian induced 
by holographic QCD with D4/D8/D8 multi-D brane system in 
the type IIA superstring theory ll lL 1 1 211 . Due to the large-iV c 
condition of the duality with "classical" supergravity, the a\ 
meson appearing as a gauge field in holographic QCD should 
correspond to the qq state. On the other hand, the holographic 
action also induces the energy-dependent n-p interaction as 
the Weinberg-Tomozawa (WT) interaction of order 0(N~ 1 ). 
Due to its attractive interaction, the non-perturbative ir-p dy- 
namics gives a resonance pole as the "7rp-molecule state". 
The ai meson as the 7ro-molecule is also studied in the chi- 
ral unitary model |2(| 21]. Thus, by preparing the qq and 
7r/5-molecule states as the appropriate basis fa {i = 1,2) and 
identifying 1/N C to A in the Complex 2D Matrix Model, we 
will calculate the critical color number of the nature transi- 
tion from the geometry on the complex- N c plane. Below, we 
investigate the scattering equation for the ir-p propagator in 
the J p = 1 + channel. By reducing the relativistic eigenvalue 
equation to the Schrodinger equation of the model (fTJ) with 
a non-relativistic approximation as below, we will derive the 
geometrical map on the complex-iV c plane for the a\ meson. 
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FIG. 3: Interactions between ir, p and ai mesons; (a) three-point 
interaction and (b) Weinberg-Tomozawa interaction. 



where the first term is the inverse of the "free" propagator for 
the 7rp-molecule state and the qq state as the a\ meson. Now, 
by solving the relativistic eigenvalue equation for G as 



detG^ 1 = 0. 



(22) 



From the Lagrangian in holographic QCD 111 111 1211 . we obtain 
the three-point interaction t> ai7rp and the WT interaction i>wt 
in Fig.[3]after proper s-wave projection I122ll in the form, 

t'a 1 7r P = 2V2/~ 1 g ai7rp (s - m 2 ), 



v WT = -4-\f- 2 {3 S -2(m 



(14) 

■{m*-mlYs- x }.{l5) 



By taking the two experimental inputs, e.g., f n = 92.4MeV 
and trip = 776MeV, all the masses and coupling constants 
of hadrons can be uniquely determined in the holographic 
approach as m ai = 1189MeV and <? ai7rp = 0.26. (In the 
D4/D8/D8 model, pion is exactly massless, whereas we use 
an isospin-averaged mass value: = 138MeV.) 

Now we introduce a two-dimensional G-function with irp 
and qq channels, having J p = 1 + as the ai meson: 



G~ 



Go 



V 



f G vp 


° 1 






G ai ) 





J a±7Tp 





(16) 
(17) 



where G ai = (s — m 2 ai ) 1 is a propagator for the qq state as 
the a\ meson and G^ p is ixp loop function I20I1 as 



Gitp — 



d 4 q 



(27r) 4 (P - q) 2 -ml + ieq 2 -m 



-, (18) 



with P a total incident momentum as P 2 = s. We use a 
dimensional regularization with the natural condition l23tl to 
avoid the effect of CDD pole in Eq. (1181 . In fact, the loop 
integral of Eq. ( fl~8l > appears in the scattering equation of the 
T-matrix with the separable approximation for the interac- 
tions I20I1 . Then one can sum up the diagonal component of 
the potential in Eq. $1% as 



G' 



Gwt 
G ai 











(19) 



with G WT 



Girp ' 



«wt- We numerically find that Gwt has 
single resonance pole above the irp threshold as 



G 



WT 



G*x p 



Z{s) 



1 - vwtG-kp s 



(20) 



This pole appears due to non-perturbative dynamics between 
tt and p through the 4-point coupling «wt, so that we inter- 
pret (s — Sp)^ 1 in Eq. d2Qb as the propagator of "7rp-molecule 
state" with a wave function renormalization factor Z(s). To 
renormalize d20l . Z(s) can be attached to the interaction sec- 
tor by G- 1 = di&g(VZ, l)G- 1 diag(7z, 1) as 



we have arrived at two-level model for the a\ meson with the 
7rp-molecule and the qq components having proper mixing. 

Now, to get the geometrical map on the complex- N c plane 
for the ai meson, we reduce Eq. d22b to the Schrodinger equa- 
tion for Eq. (Q]), with a non-relativistic approximation. We 
approximate the molecule propagator and the renormalization 
factor in Eq. ( f20b as (s — Sp)^ 1 ~ {2^Ts^{E — y/~s^)} and 
\/Z ~ 84 - 21i estimated at yfs = ^ ~ 1012 - 221i 



in MeV unit. We also approximate the qq propagator and the 

1 ~ {2m ai {E - ma^Y 1 



coupling constant as (s — m„ ) 



and v ai Trp ~ —6493 at y/s = m ai = 1189 in MeV unit. 
Such energy fixing has been traditionally employed, e.g., in 
nuclear-physics shell-model study, where the absorptive ef- 
fects into decay channels outside of the model s pace are rep- 
resented by the non-hermite matrix elements 111 511 . Then, 
Eq. (l22l can be written as 

(£-^)(£- mai )--i— (VZv^p) 2 = 0, (23) 

with fh = .J y/Sp~m~ 1 '. From the Schrodinger equation ( f23l ). 
we can construct the two dimensional Hamilton matrix as 



(24) 



Now we evaluate A^-counting for the matrix elements in 
Eq. J24b . According to large-iV c QCD H,@], m Ql , v ai1Tp and 
Gxp have A^-dependence as 

m 01 ~ 0(N°), v aiwp ~ OiN- 1 / 2 ), G^ ~ O(iV c ).(25) 

For energy region far from the threshold; s ^> (m p + m,) , 
the Weinberg-Tomozawa interaction ( [TBI ) can be simplified as 
%t ~ s x 0(N~ 1 ) as the mesonic four-point interaction |8, 
@]. Therefore, Eq. < f20b can be rewritten as 



G 



G-Kn 



WT 



Q{N C ) 



1 - {s x 0{Nc l )}G«p s - 0(N c )/G Vl 



-■(26) 



By comparing Eqs.(l20b and d26l i. we can also estimate the N c 
dependence of ^Ts^ and \[Z as 



0(N ( 



l/2\ 



0(N ( 



l/2\ 



(27) 



where energy dependence of the loop function G wp is approx- 
imately ignored. By using Eq. d27l ), we can also estimate the 
A^-dependence of energy scale m introduced in Eq. ( f23l > as 



rh ~ 0(N^ 4 ). 



(28) 



G-'= 



~ op 

s 









Zv n 



Zv ai7Tp 




,(21) 



By using the Eqs. (f25j), (|27| | and (1251 for the matrix elements 
in Eq. d24"l i. we eventually get the Complex 2D Matrix Model 
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for ai meson with N c dependence factored out by A as 

1 nr- A 

m„ 



H(X) 



A / y„, 
2m V ^^aiTrp 



(29) 
(30) 



where ,/a 



Z. 



and 77i in d29l are the constants esti- 



mated at A^ = 3 as shown above Eq. 



l 

A 7 



and m Ql 

in Eq. d29l are the energies of the 7rp-molecule state and the 
qq state as the ai meson, and they form the appropriate ba- 
sis. The (1,1) element with negative power of A reflects that a 
resonance state appears due to highly nonperturbative hadron 
dynamics. In fact, the building block d29l ) with the A depen- 
dence is universal for any hadron with admixed natures of the 
mesonic molecule and the qq components. 

Then, by applying the conditions (O and ( fTTT ) to the Hamil- 
tonian ( |29l , we can get the geometrical map on the complex- 
N c plane for the ai meson in Fig. [4] Six exceptional points 
and four transition lines, two of which are half-lines, appear 
on this map. These numbers can be derived from the power 
counting about A in Eq. (V2\ . The transition line shown by the 
solid curve can cross the real A axis between A = (N c = oo) 
and A = 1 (N c — 3). The crossing point shows a critical 
color number for transition as A t = (3/Ay 1 / 4 ~ 0.93, i.e., 
N c ~ 4.0. This result indicates that, with continuous change 
of N c from oo to 3, the internal structures of two hadronic 
eigenstates can be exchanged in terms of appropriate basis qq 
and 7T/9-molecule at the critical color number N c ~ 4.0. Such 
a critical color number with character exchange for the ai me- 
son is also reported from the analysis of the pole residues in 
Ref. I22II . In this way, by looking into the existence of nature 
transition from the geometry on the complex- A?e plane, we 
can successfully know the internal structure of hadrons with 
variation of N c from 00 to 3. 

In summary, we have formulated the Complex 2D Ma- 
trix Model to discuss the nature transition between two res- 
onance states. We suggest that the geometry on the complex- 
parameter space will give a simple criterion of nature transi- 
tion between resonance states within the real-parameter sub- 
space. By applying the model to hadron physics, we have 
calculated the critical color number of the nature transition 
between hadronic states, which can be used to know the in- 
ternal structure of hadrons with variation of N c from 00 to 3. 
We show that, due to the development of hadron interactions 
scaled by 1 /N c , qq state can become dominated by mesonic - 
molecule component, while mesonic molecule state can be- 
come dominated by qq component around N c = 3. We hope 
that the new concept of geometry on the complex- N c plane 
will shed light on the exotic physics in QCD for the future. 

Our model can be employed to general multi-level prob- 
lems of resonances to analyze their internal structures with 
variation of a parameter in each system. Wide applications 
of our model to resonance physics are expected as a future 
prospect. 

The authors thank H. Nakamura, K. Yazaki, and T. Hyodo 
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FIG. 4: (color online), (a) Geometrical map on the complex-iV c 
plane with A = (3/Nc) 1 ^ 4 . Constants in Eq. j29\ are ^/~s^ = 
1012 - 221i, m ai = 1189, V~Z = 84 - 21i and v ai -n P = -6493 
in MeV unit. Line 1 and shaded area with the boundary of line 2 cor- 
respond to the conditions (|9) and i ll It . respectively. Six exceptional 
points (n) (n = 1 ~ 6) as the crossing points between line 1 and 
line 2, and four transition lines as solid curves appear, (b) Close-up 
figure around a blank square in (a). Transition line as a solid curve 
crosses the real axis at A t ~ 0.93, i.e., N c ~ 4.0, which locates 
between A = (N c - 00) and A = 1 (jV c = 3). 
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